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 Our model for aggregation is extended
to allow for adhesion and repulsion.
 We quantify the rate of aggregation
and the contributions of cementing
and adhesion.
 Nano-scale properties of crystals inﬂu-
ence both cementing and adhesion.
G R A P H I C A L A B S T R A C T
a r t i c l e i n f o
Article history:
Received 19 August 2014
Received in revised form
30 November 2014
Accepted 20 December 2014
Available online 21 January 2015
Keywords:
Aggregation
Colloidal phenomena
Crystallisation
Aggregation efﬁciency
Calcium oxalate monohydrate
Calcite
a b s t r a c t
In this paper we modify our previously published model describing the aggregation behaviour of crystals
growing in suspensions. That model considered aggregation only in terms of cementing, i.e. the growth
of a neck between colliding particles.
In this current work, we introduce into our model the case of aggregation of growing crystals in the
presence of inter-particle forces. Here we postulate that aggregation may be augmented by adhesion
between the colliding particles, or diminished by repulsion of particles. In the new model we
characterise the adhesive or repulsive force by a surface energy acting along a linear contact and
subsequently deﬁne an adhesion Mumtaz number, MA. In the case of simultaneous cementing and
adhesion the Mumtaz number is simply the sum of the separate cementing and adhesion numbers.
In this work, two crystallographic forms of calcium oxalate monohydrate (COM) and one form of
calcite under both low and high ionic strength conditions were studied. Calcite crystals were found to
evidence adhesion between the colliding particles, both a high and low ionic strength. Furthermore, the
ionic strength also inﬂuenced the cementing parameter. The different forms of COM exhibited both
different cementing and inter-particle behaviour. These effects were attributed to differences between
the systems at the nano-scale and that aggregation behaviour depends on the anisotropic nature of
growing crystals.
& 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction
When crystals grow in a suspension they will from time to time
collide as a consequence of their relative motion and if the contact
between them is sufﬁciently strong, aggregation of the crystals
will occur. The fraction of such collisions that result in an
aggregation event, we term the aggregation efﬁciency.
In Part I of this series (Hounslow et al., 2013) we considered
from ﬁrst principles the case where the strength of the contact
arose from the growth of a neck between the colliding particles
and showed that in that case the efﬁciency would depend locally
on a dimensionless strength we term the Mumtaz number, M.
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In Part II of this series (Pitt and Hounslow, 2014) we described
the design and operation of a Poiseuille Flow Crystalliser (PFC).
This novel technique allows the interrogation of the effect of
hydrodynamic and physico-chemical conditions on the aggrega-
tion of particles in suspension. The PFC operates as a differential
reactor where changes in particle size distributions can be used to
yield a quantitative description of aggregation.
Using the PFC we can also determine a value for the material
property controlling aggregation—the product of the yield strength
of the material, σy, and a geometric factor with dimensions of
length, Ln (Pitt and Hounslow, 2014).
We introduced a critical aggregate size, D, as the particle size that
at the average shear rate has a Mumtaz number ofM¼1, so disruptive
shear forces are in balance with the strength of the growing neck.
Here, we obtained values for D for calcium oxalate monohydrate
(COM) by ﬁtting the change in size distributions in the PFC. For COM,
the values of D2 were found to be directly proportional to the ratio of
crystal growth to the ﬂow rate squared, and we found no evidence of
attractive or repulsive inter-particle forces active in promoting or
retarding aggregation in this COM system (Pitt and Hounslow, 2014).
In this paper, we allow that the strength might be augmented
by adhesion or reduced by repulsion between the colliding
particles. Studies of adhesion between small particles are ubiqui-
tous in the colloids literature, but much rarer in studies of growing
crystals, An exception to this is the work of Alander and Rasmuson
(2005) who conclude that growth alone is not sufﬁcient to account
for agglomeration between growing crystals of paracetamol in
acetone/water solutions. We refer to the process of growing a neck
as cementing and the net adhesion or repulsion as simply adhe-
sion. For this study, two different materials were used; calcium
oxalate monohydrate (COM) and calcite.
Two different types of COM crystals were considered, each
presenting different crystallographic identities. The study of calcite
involved operating the PFC under both low and high ionic strength
conditions.
2. Theory
Our intention here is to understand behaviour of growing
crystals and expect, therefore, cementing to be present if not
dominant. However the analysis is simpler if we ﬁrst consider
adhesion in isolation before considering how to treat simultaneous
cementing and adhesion. In what follows, we assume that failure
is always a consequence of simple tension; that is the normal
component of the disruptive force exceeds a critical value, often
expressed as a stress.
2.1. Adhesion only
Following the analysis developed in Part I we consider whether
a newly formed doublet of particles can withstand the periodic
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Fig. 1. Successful collision orientations for a range of size ratios and adhesion Mumtaz numbers deﬁned in Eq. (4) using the geometric mean size. Any orientation in the
shaded area gives a stable aggregate.
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hydrodynamic drag experienced as a consequence of ﬂuid shear.
We characterise the adhesive or repulsive force by a surface
energy (per unit area, so force per unit length), Γ, acting along a
linear contact of length, L. If the force is attractive, Γ is positive. If it
is repulsive, Γ is negative. A contact will rupture if the normal
tensile force exceeds an adhesive force:
FNLΓ40 ð1Þ
The normal force varies over time with the relative position of
the doublet to the shear ﬁeld, as described by a pair of Euler angles
θ and ϕ. The rupture criterion is
LΓ ¼ π
8
dIdIIμ _γ sin
2θ sin 2ϕ ð2Þ
or
LΓ
_γdIdIIμ
¼ π
8
sin 2θ sin 2ϕ ð3Þ
where dI and dII are the particle diameters, μ is the dynamic
viscosity of the solution and _γ is the local shear rate.
The left hand side of Eq. (3) deﬁnes an adhesion Mumtaz
number, MA, based on a geometric mean size. In general
MA ¼
LΓ
_γd2μ
ð4Þ
Using the methodology developed in Part I, for any value of MA
it is possible to determine the collision orientations that satisfy the
rupture criterion and so determine which initial collision orienta-
tions give rise to an aggregate and which do not. In Fig. 1, a series
of collision cross sections are shown for various adhesion Mumtaz
numbers and ratios of particle sizes:
λ¼ dI
dII
ð5Þ
The results shown here contrast with those for cementing
shown in Fig. 9 of Part I. When only adhesion is available to resist
the shear force, the collisions must also lie near the poles (i.e.
where the vertical axis crosses the collision circle) of Fig. 1 in Part I.
In the presence of cementing, those collisions that originate near
the centre of the cross-section have sufﬁcient time to grow a
strong neck of new material.
Following the methodology developed in Part I of averaging
over all collision orientations, and then developing an equivalent
diameter:
deq ¼ q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dIdII
p
ð6Þ
we can calculated the collision efﬁciency as shown in Fig. 2. The
size correction factor (q) used in that ﬁgure is found to be
essentially identical to that shown in Fig. 11 of Part I.
2.2. Averaging for the PFC
The result shown in Fig. 2 corresponds to efﬁciencies at a point in
space, since MA varies with shear rate and shear rate is normally
expected to vary with position. We wish to apply these results to data
from the PFC so following the development of Part II the appro-
priate average efﬁciency ψ can be calculated once the average Mumtaz
number is known
M
A ¼
ΓL
_γd2eqμ
ð7Þ
Eq (19) of Part II gives
ψ ¼ 3
R3
Z R
0
r2ψ rð Þdr
¼ 8
M
3
A
9
Z 1
2
3
M
A
ψ Mð ÞM4dM ð8Þ
which can be applied numerically to the result of Fig. 2 giving the
result of Fig. 3 and the parameters in Table 1.
Comparing these results – for adhesion only – with those of
Table 1 of Part II for cementing only shows that
 For low efﬁciencies, ψ scales with a similar power of the relevant
Mumtaz number, m¼2 or 1.5
 The transition to ψ¼1 is more abrupt under adhesion
 Under adhesion the efﬁciency curve has less spread and is
located at larger values of Mumtaz number.
So while failure under adhesion gives a different efﬁciency curve
to that under cementing, the differences are modest.
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Fig. 2. Efﬁciency for adhesion only at different size ratios, λ, using an adhesion
Mumtaz number based on equivalent diameter. The line shown corresponds to the
parameters (m and n) of Table 1. The colour coding is as Fig. 10 of Part I. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this article.)
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Fig. 3. Average efﬁciency in the PFC for adhesion only.
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2.3. Simultaneous adhesion and cementing
The analysis of Part I was repeated to include strength induced by
adhesion and cementing. The result is a function of efﬁciency, ψ, in
three dimensions: two Mumtaz numbers – MC and MA – and the size
ratio, λ. Various methods of reducing the dimensionality of the
function were developed and all worked well when applied to PFC
data. A signiﬁcantly simpler and easier way to apply the results was
also developed using a scaling analysis. That result is now presented.
When we introduced the Mumtaz number we did so on the basis
of a scaling analysis that postulated that the strength of the neck
should go as
strength rate of growth of neck time for growth of neck
 length of neck yield strength
 G 1
_γ
 Ln  σy
while the disruptive forces go as
disruptive force _γμd2
So
M¼ strength
disruptive force
¼ G 1= _γ
  Ln  σy
_γμd2
If we now allow that the strength is enhanced by adhesion so that
strength GL
nσy
_γ
þLΓ
the Mumtaz number becomes
MCþA ¼
GLnσy
_γ2μd2
þ LΓ
_γμd2
¼MCþMA ð9Þ
In other words, the Mumtaz number for simultaneous cement-
ing and adhesion is simply the sum of the separate cementing and
adhesion numbers.
In Part II it was convenient to describe a critical aggregate size
that we should now term the critical cementing particle size
D2C ¼
GLnσy
_γ2μ
ð10Þ
So that as a function of particle size the cementing Mumtaz
number can be written
MC ¼
DC
d
 2
ð11Þ
By analogy a critical adhesion particle size can be deﬁned
DA DAj j ¼
LΓ
_γμ
ð12Þ
We take care to write the left hand side of Eq. (12) in this form
to allow that both Γ and DA can be negative.
From Eq. (9) we can then also write
D2CþA ¼D2CþDA DAj j ð13Þ
This scaling analysis indicates that Eq. (9) can be used to
calculate the effective Mumtaz number; it does not identify how
efﬁciency should depend on that value. Two functions, ψC and ψA,
are available in the limits MCcMA and MAcMC. However, since
the purpose of this work is to understand aggregation of growing
crystals (and so cementing is likely to be more important than
adhesion) and that the two functions are not very different in
shape, in this work we use ψC, i.e.;
ψCþA MCþAð Þ ¼ψC MCþAð Þ ¼ψC MCþMAð Þ ð14Þ
2.4. Application to the PFC
Eqs. (9)–(14) can be applied directly with the shear rate, _γ,
replaced by the in-situ average, _γ, the particle size, d, by the
geometric mean of the colliding particles, dg , and efﬁciency and
Mumtaz number replaced by their apparent averages, ψ and M .
The approach taken in Part II of ﬁtting a value for the critical
aggregate size to measured values of ΔnðdÞ can still be used. So for
any one experiment a value of D is obtained.
In Part II, Eq. (35), in the absence of adhesion we showed that in
theory and in practice D2 is directly proportional to the ratio of
growth rate to ﬂow rate squared G=Q2. In the present work we
obtain:
D2CþA ¼
Lnσy
μ
3πR3
8
 !2
G
Q2
þLΓ
μ
3πR3
8
1
Q
ð15Þ
So, for a ﬁxed ﬂow rate, a plot of D2 against G is a straight line
with a slope related to the unknown cementing parameters, LnσY ,
and an intercept related to the adhesion parameters LΓ. In the
absence of adhesion the intercept is zero and so the line passes
through the origin. If an attractive force is present the intercept is
positive and if repulsion is active, the intercept is negative.
In cases where the ﬂow rate is not ﬁxed Eq. (15) can also be
used via simple multiple linear regression, treating G=Q2 and 1=Q
as independent variables, and D2 as a dependent variable, to
determine the unknown parameters, LnσY and LΓ. An equivalent
result can be obtained by multiplying both sides of Eq. (15) by Q to
give
QD2CþA ¼
Lnσy
μ
3πR3
8
 !2
G
Q
þLΓ
μ
3πR3
8
ð16Þ
Which is to say, a plot of QD2 against G=Q has a slope related to
the inﬂuence of cementing and an intercept that is inﬂuenced by
adhesion.
3. Experimental
3.1. Poiseuille ﬂow crystalliser
In this paper, we describe how the characteristics of Poiseuille
ﬂow can be exploited in a study of the aggregation of both calcium
oxalate monohydrate (COM) and calcite using the Poiseuille ﬂow
crystalliser (PFC).
Table 1
Parameters for the dependence of efﬁciency on M using Eq. (41) or (42) of Part I.
Point values or PFC averaged Curve ﬁt to ψ(Μ) Properties of ψ(M) or
ψ M
 
a α m n Location Mg Spread σg
Point: ψ(M) 4.206 0.738 2 10 3.89 1.47
Averaged: ψ ðMÞ 4.835 0.346 2 10 4.18 1.66
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The design and operation of the PFC are described in detail in Part
II of this series. Crystal size distributions were measured using an
Accusizer 780 optical particle sizer (PSS.NICOMP Particle Sizing
Systems, Santa Barbara, US), which is also detailed in Part II.
3.2. Materials
All chemicals used in the preparation of seed suspensions and PFC
solutions were of analytical grade. The water used was distilled,
deionised and ﬁltered using an Elga Classic DI Mk2 puriﬁcation system
with a 0.2 μm ﬁlter.
(a) Calcium oxalate monohydrate (COM) studies
Seed suspensions
Two different types of seed suspension were prepared; (i) seed
suspensions consisting of crystallographically poorly-deﬁned
COM crystals, referred to as rounded COM, and (ii) seed
suspensions of crystallographically well-deﬁned COM crystals.
The preparation of these seed suspensions is detailed fully in
Part II of this series. The crystallographic identity of these
crystals is described in Pitt et al. (2012) as is their growth rate.
Solutions for PFC
The preparation of saturated and metastable solutions for use
in the PFC is described in detail in Part II.
(b) Calcite studies
Seed suspensions
Seed suspensions were prepared by wet grinding 1 g of commer-
cially supplied calcite (Fisher Scientiﬁc) in a mortar and then
suspended in a saturated solution of calcite (1 l). This seed
suspension was stored at 21 1C in a seed reservoir at the top of
the PFC and stirrer using an overhead stirrer. Suspensions were
aged for a minimum of one week prior to use.
Solutions for PFC
Two types of solutionswere employed:metastable (supersaturated)
and saturated.
Saturated solutions were prepared by adding solid calcite (Fisher
Scientiﬁc) to pure water, magnetically stirred for a minimum of 24 h
and ﬁltered using 0.2 μm pore size cellulose nitrate membrane ﬁlter
papers (Whatmann, UK).
A range of metastable solutions were prepared having initial
supersaturations ranging from S1¼1.41–8.60, where the relative
supersaturation is deﬁned as:
S¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aCa2þ aCO23
Ksp
s
ð17Þ
where a is the ionic activity of the free ions, and Ksp is the
thermodynamic solubility product¼1.25109 at 21 1C.
Growth rates for calcite calculated during previous studies have
been shown to follow a parabolic rate law which depends on the
supersaturation (Collier and Hounslow, 1999; Kazmierczak et al.,
1982; Nancollas and Reddy, 1971; Nielsen and Toft, 1984; Tai and
Chen, 1995) have shown from measurements of size distributions
during batch crystallisation studies over a wide range of condi-
tions that the linear rate of crystal growth is given by G¼kg(S1)2,
where kg¼1.281010 ms1.
In these solutions, the calcium ions are provided by Ca(NO3)2 and
the carbonate ions by NaHCO3. The ﬁnal pH of the solution was
adjusted to 9.6 by the addition of a few drops of NaOH. The resulting
solutions had ionic strengths ranging from 0.0014 to 0.0069M
In addition to the above experiments carried out at a relatively
low ionic strength (i.e. using pure water to prepare the solutions),
experiments were also carried out at relatively high ionic strengths
Table 2
Range of conditions for each of three series of experiments for each system. Rounded COM values taken from Part II.
System Series name Supersaturation S1 Flow rate Q (ml min1) Seeds loading w0 (kg m3)
“S” 1.65–3.10 0.75 0.42–0.58
“Q” 2.68 0.5–1.0 0.41–0.53
“w0” 2.68 0.75 0.30–0.90
“S” 1.65–3.10 0.75 0.43–0.56
“Q” 2.68 0.58–1.0 0.55–0.63
“w0” 2.68 0.75 0.21–0.64
“S” 0.31–5.18 0.75 0.06–0.13
“Q” 4.01 0.5–1.0 0.07–0.11
“w0” 4.01 0.75 0.06–0.14
“S” 1.41–8.60 0.75 0.13–0.20
“Q” 7.02 0.67–1.0 0.07–0.10
“w0” 7.02 0.75 0.09–0.16
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(ranging from 0.1353 to 0.1409 M) using a background electrolyte.
KNO3 was selected as the background electrolyte as it is reported
potassium and nitrate ions have no effect on calcite growth and habit
(Collier, 1997; Didymus et al., 1983; Sohnel and Mullin, 1982). A range
of metastable solutions were prepared having initial supersaturations
ranging from S1¼0.31–5.18.
4. Methods
For all COM and calcite studies, saturated solutions were fed to
the PFC. The seed suspensions were subsequently introduced into
the PFC via a peristaltic pump and the ﬂow rate adjusted to the
desired value. Crystal size distributions in saturated solution were
then measured by the Accusiser and referred to as ‘inlet’ distribu-
tions. The solution feed was then changed from saturated solution
to metastable solution and again, the crystal size distribution
taken. These are referred to as ‘outlet’ distributions.
A more detailed account of the PFC method is given in Part II.
The range of operating conditions for each system and each of
the four series of experiments is given in Table 2.
5. Results
We ﬁtted the simple tension model of Part I to data collected
using the PFC according to the method of Part II. For each experiment
a single parameter, the critical aggregate size, D, is ﬁtted to the
difference between the inlet and outlet size distributions of the PFC.
Following the analysis leading to Eq. (15) we treat the observed value
of D as the combined cementing and adhesion value DCþA.
In Fig. 4, D2 is plotted against growth rate, in the style of
Eq. (15) for the “S” datasets; that is for varying supersaturation and
ﬁxed ﬂow rates. It is apparent that each of these sets is well-
described by a straight line but in no case does the line pass
through the origin. For well-deﬁned COM the y-axis intercept is
negative – indicating repulsion – while for both set of Calcite data
the intercept is positive indicating adhesion. This is in contrast to
rounded COM reported in Part II, where the line intercepts the
origin, indicating no adhesion or repulsion.
In Fig. 5 the data for the three systems presented here (well-
deﬁned COM, Calcite with and without KNO3) and that presented
in Part II are plotted according to the style of Eq. (16). The straight
lines shown correspond to that equation and allow the two kinetic
parameters, LnσY and LΓ, given in Table 3 to be determined. The
shaded regions show the 95% conﬁdence interval for the model
prediction–demonstration that the intercepts and slopes are read-
ily determined.
It is apparent that
 Rounded COM gives an intercept of zero (so no adhesion is
present, as concluded in Part II) and a low slope indicating a
relatively low tendency to cement
 Well-deﬁned COM shows a negative intercept – so repulsion is
present – and an increased inﬂuence of cementing (compared
to rounded COM)
 Both calcite systems show a positive axis intercept indicating
roughly equivalent levels of adhesion
 Calcite in the presence of KNO3 shows an increased inﬂuence of
cementing
For all four systems shown in Fig. 5 the dispersion in the data –
as shown by error-bars of7one standard deviation – is not
explained by the uncertainty in the model. A numerical investiga-
tion revealed that the errors in the data would need to be
underestimated by less than a factor of 2 for the discrepancy to
be well within the bounds of acceptable probability. A simpler
qualitative exploration is shown in the parity plots of Fig. 6: the
model captures most of the variation seen in D.
6. Discussion
The theory culminating in Eq. (15) says that for a ﬁxed ﬂow rate
the critical aggregate size squared should vary linearly with the
growth rate, G, and that the slope is related to cementing kinetics
and the intercept to attraction. For all four systems studied here
that result is seen directly in Fig. 4 and then in the more general
form of Eq. (16) in Fig. 5 for a broad range of experiments.
The slopes and intercepts of the lines in Fig. 5 make it possible
to estimate the kinetic parameters shown in Table 3.
We see that well-deﬁned COM is signiﬁcantly more prone to
aggregate as a consequence of cementing than rounded COM, but
that well-deﬁned COM demonstrates repulsion. This former result
is consistent with the observation in Pitt et al. (2012) that LnσY is
greater for well-deﬁned seeds than for rounded. They attributed
this observation to a difference in the growth rate of those crystal
growth directions responsible for aggregation and those apparent
macroscopically.
Calcite in the presence of KNO3 evidences greater cementing than
in its absence. Although the presence of Kþ is not known to affect the
growth behaviour of calcite, Kþ has been reported to incorporate into
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Fig. 4. Critical aggregate size as a function of growth rate for ﬁxed PFC ﬂow rate. While well-deﬁned COM shows a negative y-axis intercept – indicating repulsion – Calcite
shows a positive intercept indicating attraction. The dashed lines are ﬁtted to these data, the solid lines correspond to Eq. (15) and the parameters of Table 3.
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interstitial sites in the calcite lattice during crystal growth, and Ca
vacancies compensate for the excess charge of Kþ in calcite (Ishikawa
and Ichikuni, 1984). It is possible that these defects at the nano-scale
enhance cementing.
Calcite crystals were found to evidence adhesion, both at low
and high ionic strength. Calcite particles are well-known to attract
each other and agglomerate in aqueous solution. This is thought to
be due to a low magnitude of zeta potential resulting in unstable
suspensions (Eriksson et al., 2008; Tari and Ferreira, 1998).
It is interesting to note that well-deﬁned COM evidences repulsive
behaviour. This could be a consequence of the crystallographic nature
of these crystals. Compared to rounded COM, these well-deﬁned
crystals express a relatively large proportion of surfaces with polar
character (Millan, 2000). These may be expected to equally prom-
ote attraction or repulsion of the crystals in solution. However, the
attractive fraction may well be suppressed in the PFC system due to
shear in the capillary, thereby leading to a net contribution of repulsive
forces.
It is striking that all the explanations for the kinetic parameters
in Table 3 rests on effects at the nano-scale. Either the density of
linear defects – of a nano-size – changes or the crystallographic
direction responsible for aggregation is only apparent at such
length scales. So, at root, the aggregation behaviour depends on
the anisotropic nature of growing crystals and on explanations
that both reﬂect that anisotropy and, in anything but ideal
systems, its variability on very small length scales.
For this reason, we believe that the approach ﬁrst taken by
Mumtaz and recently extended and applied in Part I–III of this
series cannot reasonably be expected to be taken further. In both
our theory and experiment we have characterised particle size by
a single dimension of some microns and necessarily neglected the
complex hierarchical structure of an aggregate, let alone the
anisotropic character of individual crystals.
Inevitably, then, there is a substantial gap between a rigorous
analysis based on surface science and that we have presented here.
While we have been able to remove most of the averaging or
smearing present because of varying particle size and distribution of
shear rates, our representation of the surface of each particle can only
be understood as an average. In that way our model is one of
engineering approximation based on a plausible physical account that
Fig. 5. Kinetic plots according to Eq. (16) in which the y intercept indicates the contribution of adhesion (positive) or repulsion (negative) and the slope the contribution of
cementing to the efﬁciency of aggregation. The line corresponds to Eq. (16) and the parameters of Table 3. The shaded area is the 95% mean prediction interval. (a) Rounded
COM (b) well-deﬁned COM (c) calcite with KNO3 (d) calcite no KNO3.
Table 3
Kinetic parameters deduced from Fig. 5.
System LnσY (N m1) LΓ  1011 (N) R2
Rounded COM 1.3570.01 – 0.965
Well-deﬁned COM 3.6870.10 1.9570.11 0.971
Calcite with KNO3 5.0570.23 3.0870.16 0.977
Calcite without KNO3 1.5470.08 4.3570.18 0.986
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reduces quite complex observed behaviour to a pair of averaged
materials properties—LnσY and LΓ.
7. Conclusions
In Part I of this series we showed from ﬁrst principles that when
the rate of aggregation of growing crystals is controlled by their
ability to cement together, that ability is described by an efﬁciency
and that the efﬁciency should depend only on a dimensionless
strength we term the Mumtaz number. Three open questions were
articulated: which of several failure modes is active, what values
does the materials property, LnσY , take, and how should point
kinetics be averaged over a vessel?
In Part II we showed in a study of rounded particles of calcium
oxalate monohydrate using a Poiseuille Flow Crystallizer that aver-
aging was relatively straightforward, that failure of the cementing
neck was apparently by simple tension and that values of LnσY could
readily be obtained by ﬁtting a value for the critical aggregate size to
PFC data. We also showed that as the crystal growth rate tended to
zero so too did the critical aggregate size: that is crystal growth – or
cementing – is required to overcome disruptive hydrodynamic forces
in that system. By contrast, we have shown in the present paper that
for COM in a different (well-deﬁned) form, a ﬁnite rate of growth is
needed before any aggregation is seen and that for calcite, aggrega-
tion will take place even in the absence of growth.
Nomenclature
a parameter in Eq. (41) of Part I; activity
d particle size (m)
dg geometric mean size of a pair of colliding particles (m)
D critical aggregate particle size (m)
FN normal tensile force (N)
G crystal growth rate (m s1)
Ksp solubility product (–)
L length of the PFC capillary (m)
Ln combined length and angle in the Mumtaz number (m)
m parameter in Eq. (41) of Part I
M Mumtaz number (–)
n parameter in Eq. (41) of Part I
q mean size correction factor (–)
Q volumetric ﬂow rate (m3 s1)
r radial coordinate (m)
r a rate (m3 s1)
R capillary radius (m)
S supersaturation ratio (–)
w0 feed seeds loading (kg m3)
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Fig. 6. Parity plots for measured and predicted critical aggregate size. Most data lie within one standard error (shown by the error bars) of the prediction and nearly all
within three. Legend as in Fig. 5. (a) rounded COM (b) well-deﬁned COM (c) calcite with KNO3 (d) calcite no KNO3.
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Greek letters
Γ adhesive or repulsive surface energy (N m1)
α parameter in Eq. (41) of Part I
_γ ﬂuid shear rate (s1)
Δ a change (out–in)
λ the ratio of size of two colliding particles
μ viscosity (Pa s)
ψ collision efﬁciency (–)
σg spread of the efﬁciency curve given in Eq. (42) of Part I
σy yield strength (Pa)
ϕ Euler angle denoting the location of the initial point of
contact with respect to the local ﬂuid shear ﬁeld
θ Euler angle denoting the location of the initial point of
contact with respect to the local ﬂuid shear ﬁeld
Subscripts
I, II particles I and II of a colliding pair
A refers to adhesion
C refers to cementing
eq equivalent
g geometric mean
Other marks
– in-situ average
apparent average
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